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Abstrat
For a prime number p ≥ 5, we onsider three lassial usp eigenforms
fj(z) =
∞∑
n=1
an,je(nz) ∈ Skj(Nj , ψj), (j = 1, 2, 3)
of weights k1, k2, k3, of ondutors N1, N2, N3, and of nebentypus haraters ψj mod Nj .
Aording to H.Hida [Hi86℄ and R.Coleman [CoPB℄, one an inlude eah fj (j =
1, 2, 3) (under suitable assumptions on p and on fj) into a p-adi analyti family
kj 7→ {fj,kj =
∞∑
n=1
an(fj,kj)q
n}
of usp eigenforms fj,kj of weights kj in suh a way that fj,kj = fj , and that all their
Fourier oeients an(fj,kj) are given by ertain p-adi analyti funtions kj 7→ an,j(kj).
The purpose of this paper is to desribe a four variable p-adi L funtion attahed
to Garrett's triple produt of three Coleman's families
kj 7→
{
fj,kj =
∞∑
n=1
an,j(k)q
n
}
of usp eigenforms of three xed slopes σj = vp(α
(1)
p,j (kj)) ≥ 0 where α(1)p,j = α(1)p,j(kj)
is an eigenvalue (whih depends on kj) of Atkin's operator U = Up ating on Fourier
expansions by U(
∑∞
n≥0 anq
n) =
∑∞
n≥0 anpq
n
.
Let us onsider the produt of three eigenvalues:
λ = λ(k1, k2, k3) = α
(1)
p,1(k1)α
(1)
p,2(k2)α
(1)
p,3(k3)
and assume that the slope of this produt
σ = vp(λ(k1, k2, k3)) = σ(k1, k2, k3) = σ1 + σ2 + σ3
1
is onstant and positive for all triplets (k1, k2, k3) in an appropriate p-adi neighbourhood
of the xed triplet of weights (k1, k2, k3). The eah value σj is xed.
We onsider the p-adi weight spae X ontaining all (kj , ψj). Our p-adi L-funtions
are Mellin transforms of ertain measures with values in A, where A = A(B) denotes an
anoid algebra assoiated with an anoid spae B as in [CoPB℄, where B = B1×B2×B3,
is an anoid neighbourhood around (k1, k2, k3) ∈ X3 (with a given integers kj and xed
Dirihlet haraters ψj mod N).
We onstrut suh a measure from higher twists of lassial Siegel-Eisenstein series,
whih produe distributions with values in ertain Banah A-modules M = M(N ;A) of
triple modular forms with oeients in the algebra A.
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1 Introdution
Why study L-values attahed to modular forms?
A popular proeedure in Number Theory is the following:
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Construt a generating
funtion f =
∑∞
n=0 anq
n
∈ C[[q]] of an arithmetial
funtion n 7→ an,
for example an = p(n)
 
Compute f via
modular forms,
for example
∞∑
n=0
p(n)qn
= (∆/q)−1/24
 
A number
(solution)
Example 1 [Chand70℄:
(Hardy-Ramanujan)
↑ ↑
p(n) =
epi
√
2/3(n−1/24)
4
√
3λ2n
+O(epi
√
2/3(n−1/24)/λ3n),
λn =
√
n − 1/24,
Good bases,
nite dimensions,
many relations
and identities
Values
of L-funtions,
periods,
ongruenes, . . .
Other examples: Birh and Swinnerton-Dyer onjeture, . . .L-values attahed to modular
forms
Our data: three primitive usp eigenforms
fj(z) =
∞∑
n=1
an,jq
n ∈ Skj (Nj, ψj), (j = 1, 2, 3) (1.1)
of weights k1, k2, k3, of ondutors N1, N2, N3, and of nebentypus haraters ψj mod Nj , N :=
LCM(N1, N2, N3).
Let p be a prime, p ∤ N .
We view fj ∈ Q[[q]]
ip→֒ Cp[[q]] via a xed embedding Q
ip→֒ Cp, Cp = Q̂p is Tate's eld.
Let χ denote a variable Dirihlet harater mod Npv, v ≥ 0.
We view kj as a variable weight in the weight spae X = XNpv = Homcont(Y,C
∗
p),
Y = (Z/NZ)∗ × Z∗p ∋ (y0, yp).
The spae X is a p-adi analyti spae rst used in Serre's [Se73℄ Formes modulaires et
fontions zêta p-adiques. Denote by (k, χ) ∈ X the homomorphism (y0, yp) 7→ χ(y0)χ(yp mod
pv)ykp . We write simply kj for the ouple (kj , ψj) ∈ X .
The purpose of this paper is to desribe a four variable p-adi L funtion
attahed to Garrett's triple produt of three Coleman's families
kj 7→
{
fj,kj =
∞∑
n=1
an,j(kj)q
n
}
of usp eigenforms of three onstant slopes σj = ordp(α
(1)
p,j(kj)) ≥ 0 where α(1)p,j(kj), α(2)p,j(kj)
are the Satake parameters given as inverse roots of the Heke ppolynomial 1 − ap,jX −
ψj(p)p
kj−1X2 = (1− α(1)p,j(p)X)(1− α(2)p,j(p)X).
We assume that ordp(α
(1)
p,j(kj)) ≤ ordp(α(2)p,j(kj)).
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This extends a previous result: (see [PaTV℄, Invent. Math. v. 154, N3 (2003)) where a two
variable p-adi L-funtion was onstruted interpolating on all k a funtion (k, s) 7→ L∗(fk, s, χ)
(s = 1, · · · , k − 1) for suh a family.
We use the theory of p-adi integration with values in spaes of nearly holomorphi modular
forms (in the sense of Shimura, see [ShiAr℄).
A family of slope σ > 0 of usp eigenforms fk of weight k ≥ 2:
k 7→ fk =
∞∑
n=1
an(k)q
n
∈ Q[[q]] ⊂ Cp[[q]]
A model example
of a p-adi family
(not usp and σ = 0):
Eisenstein series
an(k) =
∑
d|n
dk−1, fk = Ek
1) the Fourier oeients an(k) of fk
and one of the Satake
p-parameters α(k) := α
(1)
p (k)
are given by ertain p-adi analyti
funtions k 7→ an(k) for (n, p) = 1
2) the slope is onstant and positive:
ord(α(k)) = σ > 0
The existene of families of slope σ > 0 was established in [CoPB℄
R.Coleman gave an example with
p = 7, f = ∆, k = 12
a7 = τ(7) = −7 · 2392, σ = 1.
A program in PARI for omputing
suh families is ontained in [CST98℄
(see also the Web-page of W.Stein,
http://modular.fas.harvard.edu/ )
Coleman proved that :
• The operator U ats as
a ompletely ontinuous operator
on eah A-submodule M†(Npv;A)
⊂ A[[q]] (i.e. U is a limit
of nite-dimensional operators)
=⇒ there exists
the Fredholm determinant
PU(T )
= det(Id− T · U) ∈ A[[T ]]
• there is a version
of the Riesz theory:
for any inverse root α ∈ A∗
of PU(T ) there exists
an eigenfuntion g, Ug = αg
suh that evk(g) ∈ Cp[[q]]
are lassial usp eigenforms
for all k in a neigbourhood
B ⊂ X (see in [CoPB℄)
2 Generalities on triple produts
The triple produt with a Dirihlet harater χ is dened as the following omplex L-funtion
( an Euler produt of degree eight):
L(f1 ⊗ f2 ⊗ f3, s, χ) =
∏
p∤N
L((f1 ⊗ f2 ⊗ f3)p, χ(p)p−s), (2.2)
4
where L((f1 ⊗ f2 ⊗ f3)p, X)−1 = (2.3)
det
(
18 −X
(
α
(1)
p,1
0
0
α
(2)
p,1
)
⊗
(
α
(1)
p,2
0
0
α
(2)
p,2
)
⊗
(
α
(1)
p,3
0
0
α
(2)
p,3
))
=
∏
η
(1− α(η(1))p,1 α(η(2))p,2 α(η(3))p,3 X)
= (1− α(1)p,1α(1)p,2α(1)p,3X)(1− α(1)p,1α(1)p,2α(2)p,3X)·. . .·(1− α(2)p,1α(2)p,2α(2)p,3X),
produt taken over all 8 maps η : {1, 2, 3} → {1, 2}.
The Satake parameters and Heke ppolynomials of forms fj:
Here the Satake parameters α
(1)
p,j , α
(2)
p,j are given as inverse roots of the Heke ppolynomials
1− ap,jX − ψj(p)pkj−1X2 = (1− α(1)p,j(p)X)(1− α(2)p,j(p)X),
We always assume that the weights are balaned:
k1 ≥ k2 ≥ k3 ≥ 2, and k1 ≤ k2 + k3 − 2 (2.4)
Critial values and funtional equation
We use the orresponding normalized L funtion (see [De79℄, [Co℄, [Co-PeRi℄), whih has the
form:
Λ(f1 ⊗ f2 ⊗ f3, s, χ) = (2.5)
ΓC(s)ΓC(s− k3 + 1)ΓC(s− k2 + 1)ΓC(s− k1 + 1)L(f1 ⊗ f2 ⊗ f3, s, χ),
where ΓC(s) = 2(2π)
−sΓ(s).
The Gamma-fator determines the ritial values s = k1, · · · , k2 + k3 − 2 of Λ(s), whih
we expliitely evaluate (like in the lassial formula ζ(2) =
π2
6
).
A funtional equation of Λ(s) has the form:
s 7→ k1 + k2 + k3 − 2− s.
Aording to H.Hida [Hi86℄ and R.Coleman [CoPB℄, one an inlude eah fj (j = 1, 2, 3)
(under suitable assumptions on p and on fj) into a p-adi analyti family
fj : kj 7→ {fj,kj =
∞∑
n=1
an(fj,kj)q
n}
of usp eigenforms fj,kj of weights kj in suh a way that fj,kj = fj, and that all their Fourier
oeients an(fj,kj) are given by ertain p-adi analyti funtions kj 7→ an,j(kj).
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3 Statement of the problem
Given three p-adi analyti families fj of slope σj ≥ 0, to onstrut a four-variable
p-adi L-funtion attahed to Garrett's triple produt of these families.
We show that this funtion interpolates the speial values
(s, k1, k2, k2) 7−→ Λ(f1,k1 ⊗ f2,k2 ⊗ f3,k3 , s, χ)
at ritial points s = k1, · · · , k2+ k3− 2 for balaned weights k1 ≤ k2+ k3− 2; we prove that
these values are algebrai numbers after dividing out ertain periods.
However the onstrution uses diretly modular forms, and not the L-values in question,
and a omparison of speial values of two funtions is done after the onstrution.
Consider the produt of the Satake parmeters
λp = α
(1)
p,1α
(1)
p,2α
(1)
p,3 = λp(k1, k2, k3)
We assume that ordpα
(1)
p,j ≤ ordpα(2)p,j , and that the slope σ = ordp(λp(k1, k2, k3)) is onstant
and positive for all triplets (k1, k2, k3) in a p-adi neighbourhood B ⊂ X3 of the xed triplet
of weights (k1, k2, k3).
Our method inludes:
• a version of Garrett's integral representation for the triple L-funtions of the form: for
r = 0, · · · , k2 + k3 − k1 − 2,
Λ(f1,k1 ⊗ f2,k2 ⊗ f3,k3, k2 + k3 − r, χ) =∫ ∫ ∫
(Γ0(N2p2v)\H)
3
f˜1,k1(z1)f˜2,k2(z2)f˜3,k3(z3)E(z1, z2, z3;−r, χ)
∏
j
(
dxjdyj
y2j
)
where f˜j,kj =: f
0
j,kj
is an eigenfuntion of U∗p in Mkj(Np, ψj),
fj,kj,0 is the orresponding eigenfuntion of Up,
E(z1, z2, z3;−r, χ) ∈MT (N2p2v)
= Mk1(N
2p2v, ψ1)⊗Mk2(N2p2v, ψ2)⊗Mk3(N2p2v, ψ3)
is the triple modular form of triple weight (k1, k2, k3), and of xed triple Nebentupus harater
(ψ1, ψ2, ψ3), obtained from a nearly holomorphi Siegel-Eisenstein series Fχ,r = G
⋆(z,−r; k, (Npv)2,ψ),
of degree 3, of weight k = k2 + k3 − k1, and the Nebentypus harater ψ = χ2ψ1ψ2ψ3
We obtain E(z1, z2, z3;−r, χ) from a Siegel-Eisenstein series
by applying to Fχ,r Boeherer's higher twist (see (11.22)) and Ibukiyama's dierential oper-
ator (see (11.23)).
These operations at expliitely on the Fourier expansions.
Then one uses:
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• The theory of p-adi integration with values in Serre's type A-modules MT (A) of triple
arithmetial nearly holomorphi modular forms over p-adi Banah algebras A. Expliit
Fourier oeients aχ,r(R,T) ∈ Q[R, T ] of E(−r, χ) are given by speial polynomials of ma-
triies T = (tij), R = (Rij) and of χ(β)β
r
(with β ∈ Z∗p ∩ Q) i.e. the oeients of aχ,r by
some elementry p-adi measures
∫
Y
χyrdµT ∈ A. Here A = A(B) is a ertain p-adi Banah
algebra of funtions on an open analyti subspae B = B1 × B2 × B3 ⊂ X3 in the produt of
three opies of the weight spae X = Homcont(Y,C
∗
p).
These measures on the group Y = (Z/NZ)∗×Z∗p produe the oeients of aχ,r of E(−r, χ)
of MT (A) for all p-adi weights x ∈ X , given by
∫
Y
x(y)dµT ∈ A (an interpolation from
x = χyrp to all x ∈ X).
• The spetral theory of triple Atkin's operator U = Up,T
allows to evaluate the integral using at eah weight (k1, k2, k3) the equality
〈
f 0,E(−r, χ)〉 =〈
f 0, πλ(E(−r, χ))
〉
with the projetion πλ of MT (A) to the λ-part MT (A)
λ
, dened by :
Kerπλ :=
⋂
n≥1 Im(UT − λI)n, Imπλ :=
⋃
n≥1 Ker(UT − λI)n.
We prove that U is a ompletely ontinuos A-linear operator on a ertain Coleman's
submodule M(A)† of Serre's type module M(A). Then the projetion πλ exists (on this
submodule) due to general results of Serre and Coleman, see [CoPB℄, [SePB℄.
We show that there exists an element E˜(−r, χ) ∈M(A)† suh that at eah weight (k1, k2, k3)
the equality holds:〈
f 0,E(−r, χ)〉 = 〈f 0, πλ(E˜(−r, χ))〉, and the produt an be expressed through ertain o-
eients the series E˜(−r, χ) whih are the same as those of E(−r, χ).
• Key point: modular admissible measures
Let us write for simpliity: E(−r, χ) for E˜(−r, χ)
MT (A) instead of MT (A)
†
(Coleman's submodule)
One denes admissible p-adi measures Φ˜λ with values in Banah A-modulesMλT (A) whih
are loally free of nite rank, using the test funtions:
∫
Y
χyrpΦ˜
λ = πλ(E(−r, χ)).
Consider the evaluation maps ev
s
: A→ Cp for any p-adi triple weights s = (s1, s2, s3) ∈ B.
• Passage from values in modular forms to salar values: apply an algebrai A-linear form
M
λ
T (A)
ℓT→ A to the onstruted measure Φ˜λ (in modular forms), and the evaluation maps
A
ev
s→ Cp for any p-adi triple weights s ∈ X3.
The linear form ℓT is an algebrai version of the Petersson produt (a geometri meaning
of ℓT : the rst oordinate in an (orthogonal) A-basis of eigenfuntions of all Heke operators
Tq for q ∤ Np, with the rst basis element f0 ∈ Mλ(A)).
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Using the evaluation map and the Mellin transform
We obtain the measure µ = ℓT (Φ˜
λ) with values in A on the pronite group Y .
• Construt an analyti funtion Lµ : X → A = A(B) as the p-adi Mellin transform
Lµ(x) =
∫
Y
x(y) dµ(y) ∈ A, x ∈ X .
• Solution: the funtion in question Lµ(x, s) is given by evaluation of Lµ(x) at s = (s1, s2, s3) ∈
B: this is a p-adi analyti funtion in four variables
(x, s) ∈ X ×B1 ×B2 ×B3 ⊂ X ×X ×X ×X
Lµ(x, s) := evs(Lµ(x)) (x ∈ X, s ∈ B1 ×B2 ×B3, Lµ(x) ∈ A).
Final step: omparison between C and Cp
•We hek an equality relating the values of the onstruted analyti funtion Lµ(x, s) at the
arithmetial haraters
x = yrpχ ∈ X , and at triple weights s = (k1, k2, k3) ∈ B, with the normalized ritial speial
values
L∗(f1,k1 ⊗ f2,k2 ⊗ f3,k3, k2 + k3 − 2− r, χ) (r = 0, · · · , k2 + k3 − k1 − 2),
for ertain Dirihlet haraters χ mod Npv, v ≥ 1. These are algebrai numbers, embedded
into Cp = Q̂p (the Tate eld of p-adi numbers). The normalisation of L
∗
inludes at the
same time Gauss sums, Petersson salar produts, powers of π, the produt λp(k1, k2, k3), and
a ertain nite Euler produt.
4 Arithmetial nearly holomorphi modular forms
Arithmetial nearly holomorphi modular forms (the ellipti ase)
Let A be a ommutative ring (a subring of C or Cp)
Arithmetial nearly holomorphi modular forms (in the sense of Shimura, [ShiAr℄ are ertain
formal series
g =
∞∑
n=0
a(n;R)qn ∈ A[[q]][R], with the property
that for A = C, z = x + iy ∈ H, R = (4πy)−1, the series onverges to a C∞-modular form
on H of a given weight k and Dirihlet harater ψ. The oeients a(n;R) are polynomials
in A[R]. If degR a(n;R) ≤ r for all n, we all g nearly holomorphi of type r (it is annihilated
by ( ∂
∂z
)r+1, see [ShiAr℄).
We use the notation Mk,r(N,ψ,A) or M˜(N,ψ,A) for A-modules of suh forms (In our
onstrutions the weight k varies).
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A known example (see the introdution to [ShiAr℄) is given by the series
− 12R + E2 := −12R + 1− 24
∞∑
n=1
σ1(n)q
n
=
3
π2
lim
s→0
ys
∑
m1,m2∈Z
′
(m1 +m2z)
−2|m1 +m2z|−2s, (R = (4πy)−1)
where σ1(n) =
∑
d|n d.
The ation of the Shimura dierential operator
δk : Mk,r(N,ψ,A)→ Mk+2,r+1(N,ψ,A),
is given over C by δk(f) = (
1
2πi
∂
∂z
− k
4πy
)f .
This operator is a orretion of the Ramanujan operator
θ(
∞∑
n=0
anq
n) =
∞∑
n=1
nanq
n =
1
2πi
∂
∂z
(
∞∑
n=0
anq
n) = q
∂
∂q
(
∞∑
n=0
anq
n),
whih does not preserve the modularity. For example θ∆ = E2∆, where E2 is a quasimodular
form (in the sense of Kaneko and Zagier, see [Ka-Za℄).
Notie that δkf = (θ − kR)f , and that Serre's operator f 7→ θf − k12E2f takes Mk to
Mk+2.
Note that that the arithmetial twist operator
θχ(
∞∑
n=0
anq
n) =
∞∑
n=1
χ(n)anq
n
is a natural analog of the Ramanujan operator.
Triple arithmetial modular forms
Let A be a ommutative ring. The tensor produt over A
M
k,r,T (N,ψ,A) := Mk1,r(N,ψ1,A)⊗Mk2,r(N,ψ2,A)⊗Mk3,r(N,ψ3,A)
onsists of triple arithmetial modular forms as ertain formal series of the form
g =
∞∑
n1,n2,n3=0
a(n1, n2, n3;R1, R2, R3)q
n1
1 q
n2
2 q
n3
3
∈ A[[q1, q2, q3]][R1, R2, R3], where zj = xj + iyj ∈ H, Rj = (4πyj)−1,
with the property that for A = C, the series onverges to a C∞-modular form on H3 of a given
weight (k1, k2, k3) and harater (ψ1, ψ2, ψ3), j = 1, 2, 3. The oeients a(n1, n2, n3;R1, R2, R3)
are polynomials in A[R1, R2, R3]. Examples of suh modular forms ome from the restrition
to the diagonal of Siegel modular forms of degree 3.
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5 Siegel-Eisenstein series
Siegel modular groups
Let J2m =
(
0m −1m
1m 0m
)
. The sympleti group
Spm(R) =
{
g ∈ GL2m(R)|tg · J2mg = J2m
}
,
ats on the Siegel upper half plane
Hm =
{
z = tz ∈Mm(C)|Imz > 0
}
by g(z) = (az + b)(cz + d)−1, where we use the blo notation g =
(
a b
c d
) ∈ Sp2m(R). We use
the ongruene subgroup Γm0 (N) = {γ ∈ Spm(Z) | γ ≡
(
∗
0
∗
∗
)
mod N} ⊂ Spm(Z).
A Siegel modular form
f ∈ Mk(Γm0 (N), χ) of degree m > 1, weight k and a Dirihlet hrater χ mod N is a holo-
morphi funtion f : Hm → C suh that for every γ =
(
a b
c d
) ∈ Γm0 (N) one has
f(γ(z)) = χ(det d) det(cz + d)kf(z).
The Fourier expansion of f uses the symbol qT = exp(2πitr(Tz))
=
∏m
i=1 q
Tii
ii
∏
i<j q
2Tij
ij ⊂ C[[q11, . . . , qmm]][qij , q−1ij ]i,j=1,··· ,m,,
qij = exp(2π(
√−1zi,j)), and T in the semi-group Bm = {T = tT ≥ 0|T half-integral} :
f(z) =
∑
T∈Bm
a(T)qT ∈ C[[qBm ]](a formal q-expansion ∈ C[[qBm ]]),
Siegel-Eisenstein series
Example 5.1 ( [Nag2℄, p.408)
E
(2)
4 (z) =1 + 240q11 + 240q22 + 2160q
2
11 + (240q
−2
12 + 13440q
−1
12
+ 30240 + 13440q12 + 240q
2
12)q11q22 + 2160q
2
22 + . . .
E
(2)
6 (z) =1− 504q11 − 504q22 − 16632q211 + (−540q−212 + 44352q−112
+ 166320 + 44352q12 − 504q212)q11q22 − 16632q222 + . . . .
Arithmetial nearly holomorphi Siegel modular forms
Arithmetial Siegel modular forms
Consider a ommutative ring A, the formal variables q = (qi,j)i,j=1,...,m, R = (Ri,j)i,j=1,...,m,
and the ring of formal Fourier series
A[[qBm ]][Ri,j ] =
{
f =
∑
T∈Bm
a(T, R)qT
∣∣∣ a(T, R) ∈ A[Ri,j ]
}
(5.6)
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(over the omplex numbers this notation orresponds to qT = exp(2πitr(Tz)), R = (4πIm(z))−1).
The formal Fourier expansion of a nearly holomorphi Siegel modular form f with oe-
ients in A is a ertain element of A[[qBm ]][Ri,j ]. We all f arithmetial in the sense of Shimura
[ShiAr℄, if A = Q.
5.1 Algebrai dierential operators of Maass and Shimura
Maass dierential operator
Let us onsider the Maass dierential operator (see [Maa℄) ∆m of degree m, ating on omplex
C
∞
-funtions on Hm by:
∆m = det(∂˜ij), ∂˜ij = 2
−1(1 + δij)∂/∂ij , (5.7)
its algebrai version is the Ramanujan operator of degree m:
Θm := det(
1
2πi
∂˜ij) = det(θij) =
1
(2πi)m
∆m, (5.8)
where Θm(q
T) = det(T)qT.
Shimura dierential operator
The Shimura dierential operator (see [Shi76, ShiAr℄):
δkf(z) = det(R)
k+1−κΘm
[
det(R)κ−1−kf
]
, where R = (4πy)−1,
ats on arithmeti nearly holomorphi Siegel modular forms, and the omposition is dened
δ
(r)
k = δk+2r−2 ◦ · · · ◦ δk : M˜mk (N,ψ;Q)→ M˜mk+2rm(N,ψ;Q), (5.9)
where
δkf(z) =
(−1
4π
)m
det(y)−1 det(z − z¯)κ−k∆m
[
det(z − z¯)k−κ+1f(z)] .
Universal polynomials Q(R,T; k, r)
Let f =
∑
T∈Bm
c(T)qT ∈ Mmk (N,ψ) be a formal holomorphi Fourier expansion. One shows
that δ
(r)
k f is given by
δ
(r)
k f =
∑
T∈Bm
Q(R,T; k, r)c(T)qT.
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Universal polynomials (ontinued)
Here we use a universal polynomial (5.10) whih an be dened for all k ∈ C, and it expresses
the ation of the Shimura operator on the exponential (of degree m):
δ
(r)
k (q
T) = Q(R,T; k, r)qT.
If m = 1, r arbitrary (see [Shi76℄), δ
(r)
k =
r∑
j=0
(−1)r−j
(
r
j
)
Γ(k + r)
Γ(k + j)
Rr−jθj ,
Q(R, n; k, r) =
r∑
j=0
(−1)r−j
(
r
j
)
Γ(k + r)
Γ(k + j)
Rr−jnj.
Universal polynomials (ontinued)
If r = 1, m arbitrary, one has (see [Maa℄):
δkf(z) =
∑
T∈Bm
c(T)
m∑
l=0
(−1)m−lcm−l(k + 1− κ)tr
(
tρm−l(R) · ρ⋆l (T)
)
qT
where R = (4πy)−1 = (Ri,j) ∈ Mm(R), cm(α) = Γm(α + κ)
Γm(α+ κ− 1) , Γm(s) = π
m(m−1)/4
m−1∏
j=0
Γ(s−
(j/2)).
Here we use the natural representation ρr : GLm(C) −→ GL(∧rCm) (0 ≤ r ≤ m) of the
group GLm(C) on the vetor spae Λ
rCm. Thus ρr(z) is a matrix of size
(
m
r
)×(m
r
)
omposed
of the subdeterminants of z of degree r. Put ρ⋆r(z) = det(z)ρm−r(
tz)−1.
Then the representations ρr and ρ
⋆
r turn out to be polynomial representations.
In general (see [CourPa℄, Theorem 3.14) one has:
Q(R,T) = Q(R,T; k, r) (5.10)
=
r∑
t=0
(
r
t
)
det(T)r−t
∑
|L|≤mt−t
RL(κ− k − r)QL(R,T),
QL(R,T) = tr
(
tρm−l1(R)ρ
⋆
l1
(T)
) · . . . · tr (tρm−lt(R)ρ⋆lt(T))).
In (5.10), L goes over all the multi-indies 0 ≤ l1 ≤ · · · ≤ lt ≤ m, suh that |L| = l1+· · ·+lt ≤
mt− t, and RL(β) ∈ Z[1/2][β] in (5.10) are polynomials in β of degree (mt− |L|) (used with
β = κ− k − r).
Note the dierentiation rule of degree m (see [Sh83℄, p.466):
∆(fg) =
m∑
r=0
tr
(
tρr(∂˜/∂z)f · ρ⋆m−r(∂˜/∂z)g
)
.
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Example 5.2 (Siegel-Eisenstein series of odd degree and higher level)
G∗(z, s; k,ψ, N) (5.11)
= det(y)s
∑
c,d
ψ(det c) det(cz + d)−k| det(cz + d)|−2s ·
· Γ˜(k, s)LN(k + 2s,ψ)
[m/2]∏
i=1
LN(2k + 4s− 2i,ψ2)
 , where
(c, d) runs over all non-assoiated oprime symmetri pairs with det(c) oprime to N , κ =
(m+ 1)/2, and for m odd the Γ-fator has the form:
Γ˜(k, s) = imk2−m(k+1)π−m(s+k)Γm(k + s).
We use this series with ψ = χ2ψ1ψ2ψ3, k = k2+k3−k1 ≥ 2, m = 3, κ =
m+ 1
2
= 2, [m/2] = 1.
Theorem 5.3 (Siegel, Shimura [Sh83℄, P. Feit [Fei86℄) Let m be an odd integer suh
that 2k > m, and N > 1 be an integer, then:
For an integer s suh that s = −r, 0 ≤ r ≤ k−κ, there is the following Fourier expansion
G⋆(z,−r) = G⋆(z,−r; k,ψ, N) =
∑
Am∋T≥0
a(T, R)qT, (5.12)
where for s > (m + 2 − 2k)/4 in (5.12) the only non-zero terms our for positive denite
T > 0,
Fourier oeients of Siegel-Eisenstein series (ontinued)
a(T, R) = M(T,ψ, k − 2r) · det(T)k−2r−κQ(R,T; k − 2r, r), (5.13)
M(T, k − 2r,ψ) =
∏
ℓ|det(2T)
Mℓ(T,ψ(ℓ)ℓ
−k+2r) (5.14)
polynomials Q(R,T; k − 2r, r) are given by (5.10), and for all T > 0, T ∈ Am, is a nite
Euler produt, in whih Mℓ(T, x) ∈ Z[x]. 
6 Statement of the Main Result
Main Theorem (on p-adi analyti funtion in four variables)
1) The funtion L
f
: (s, k1, k2, k3) 7→
〈
f
0,E(−r, χ)〉〈
f
0, f0
〉
depends p-adi analytially on four
variables (χ · yrp, k1, k2, k3) ∈ X ×B1 ×B2 ×B3;
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2) Comparison of omplex and p-adi values: for all (k1, k2, k3) in an anoid neighborhood
B = B1×B2×B3 ⊂ X3, satisfying k1 ≤ k2+k3−2: the values at s = k2+k3−2− r oinide
with the normalized ritial speial values
L∗(f1,k1 ⊗ f2,k2 ⊗ f3,k3 , k2 + k3 − 2− r, χ) (6.15)
(r = 0, · · · , k2 + k3 − k1 − 2),
for Dirihlet haraters χ mod Npv, v ≥ 1, suh that all three orresponding Dirihlet har-
aters χj have Np-omplete ondutors:
Main Theorem (ontinued)
χ1 mod Np
v = χ, χ2 mod Np
v = ψ2ψ¯3χ, (6.16)
χ3 mod Np
v = ψ1ψ¯3χ,ψ = χ
2ψ1ψ2ψ3.
The normalisation of L∗ in (6.15) is the same as in Theorem C below.
3) Dependene on x ∈ X: let H = [2ordp(λ)] + 1. For any xed (k1, k2, k3) ∈ B and
x = χ · yrp the funtion
x 7−→
〈
f
0,E(−r, χ)〉〈
f
0, f0
〉
extends to a p-adi analyti funtion of type o(logH(·)) of the variable x ∈ X.
Remark. The funtion L
f
depends on the variables (s, k1, k2, k3) in a dierent way: it is a
mixture of the p-adi Mellin transform (in s), and of a rigid analyti funtion (in k1, k2, k3).
Outline of the proof
1) • At eah lassial weight (k1, k2, k3) let us use the equality〈
f
0,E(−r, χ)〉 = 〈f 0, πλ(E(−r, χ))〉
whih is dedued from the denition of the projetor πλ: Kerπλ :=
⋂
n≥1 Im(UT−λI)n, Imπλ :=⋃
n≥1 Ker(UT − λI)n.
Notie that the oeients of E(−r, χ) ∈M(A) depend p-adi analytially on (k1, k2, k3) ∈
B = B1×B2×B3, where A = A(B1×B2×B3) is the p-adi Banah algebra of rigid-analyti
funtions on B.
Interpolation to all p-adi weights:
• At eah lassial weight (k1, k2, k3) the salar produt
〈
f
0,E(−r, χ)〉 is given by the rst
oordinate of πλ(E(−r, χ)) with respet to an orthogonal basis of Mλ(A) ontaining f0 with
respet to Hida's algebrai Petersson produt 〈g, h〉a :=
〈
gρ|
(
0
Np
−1
0
)
, h
〉
, see [Hi90℄.
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Let us extend the linear form ℓ(h) =
〈f 0,h〉
〈f 0,f0〉 (dened for lassial weights), to Coleman's
type submodule of overonvergent families h ∈ Mλ(A)† ⊂ Mλ(A) as the rst oordinate of
h with respet to some A-basis of eigenfuntions of all (triple) Heke operators Tq for q ∤ Np,
having the rst basis vetor f0 ∈Mλ(A)†.
The linear form ℓ an be haraterized as a normalized eigenfuntion of the adjoint Atkin's
operator, ating on the dual A-module of M
λ(A)†: ℓ(f0) = 1.
In order to extend ℓ to h = E(−r, χ), we need to hoose a ertain representative of E(−r, χ)
in the A-submodule Mλ(A)† , whih is loally free of nite rank.
A representative of E(−r, χ) in the (loally free of nite rank A-submodule) Mλ(A)†
Choose a (loal) basis ℓ1, · · · , ℓn given by some triple Fourier oeients of the dual (loally
free of nite rank) A-module Mλ(A)†∗.
Then dene
ℓ = β1ℓ
1 + · · ·+ βnℓn,
where βi = ℓ(ℓi) ∈ A, and ℓi denotes the dual basis of Mλ(A)†: ℓj(ℓi) = δij. At eah p-adi
weight (k1, k2, k3) ∈ B let us dene
ℓ(E(−r, χ)) := β1ℓ1(E(−r, χ)) + · · ·+ βnℓn(E(−r, χ)) (belongs to A),
where βi = ℓ(ℓi) ∈ A, and ℓi(E(−r, χ)) ∈ A are ertain Fourier oeients of the seies
E(−r, χ).
Conlusion
There exists an element
E˜(−r, χ) ∈Mλ(A)† ⊂M(A)†
suh that ℓ(E(−r, χ)) = ℓ(E˜(−r, χ)) (at eah weight (k1, k2, k3)). In fat, let us dene
E˜(−r, χ) := ℓ1(E(−r, χ))ℓ1 + · · ·+ ℓn(E(−r, χ))ℓn
⇒ ℓ(E˜(−r, χ)) = ℓ(ℓ1)ℓ1(E(−r, χ)) + · · ·+ ℓ(ℓn)ℓn(E(−r, χ))
= β1ℓ
1(E(−r, χ)) + · · ·+ βnℓn(E(−r, χ))
= ℓ(E(−r, χ)) (at eah weight (k1, k2, k3)).
Thus, the dependene of ℓ(E(−r, χ)) ∈ A on (k1, k2, k3) ∈ X3 is p-adi analyti.
In order to prove the remaining statements 2), 3), the dependene on x = χ · yrp is studied
in the next setion.
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7 Distributions and admissible measures
Distributions and measures with values in Banah modules
Notation
A
V
C(Y,A)
∪
Cloc−const(Y,A)
(a p-adi Banah algebra)
(an A-module)
(the A-Banah algebra
of ontinuous funtions on Y )
(the A-algebra
of loally onstant funtions on Y )
Definition 7.1 (Distributions and measures) a) A distribution D on Y with values in
V is an A-linear form
D : Cloc−const(Y,A)→ V, ϕ 7→ D(ϕ) =
∫
Y
ϕdD.
b) A measure µ on Y with values in V is a ontinuous A-linear form
µ : C(Y,A)→ V, ϕ 7→
∫
Y
ϕdµ.
The integral
∫
Y
ϕdµ an be dened for any ontinuous funtion ϕ, and any bounded
distribution µ, using the Riemann sums.
Admissible measures of Amie-Vélu
Admissible measures
Let h be a positive integer. A more deliate notion of an h-admissible measure was introdued
in [Am-V℄ by Y. Amie, J. Vélu (see also [MTT℄, [V℄):
Definition 7.2
a) For h ∈ N, h ≥ 1 let Ph(Y,A) denote the A-module of loally polynomial funtions of
degree < h of the variable yp : Y → Z×p →֒ A×; in partiular,
P
1(Y,A) = Cloc−const(Y,A)
(the A-submodule of loally onstant funtions). Let also denote Cloc−an(Y,A) the A-module
of loally analyti funtions, so that
P
1(Y,A) ⊂ Ph(Y,A) ⊂ Cloc−an(Y,A) ⊂ C(Y,A).
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b) Let V be a normed A-module with the norm | · |p,V . For a given positive integer h an
h-admissible measure on Y with values in V is an A-module homomorphism
Φ˜ : Ph(Y,A)→ V
suh that for xed a ∈ Y and for v →∞ the following growth ondition is satised:∣∣∣∣∫
a+(Npv)
(yp − ap)h′dΦ˜
∣∣∣∣
p,V
= o(p−v(h
′−h)) (7.17)
for all h′ = 0, 1, . . . , h− 1, ap := yp(a)
The ondition (7.17) allows to integrate the loally-analyti funtions on Y along Φ˜ using
Taylor's expansions! This means: there exists a unique extension of Φ˜ to Cloc−an(Y,A)→ V .
7.1 UpOperator and the method of anonial projetion
Using the anonial projetion πλ
We onstrut our H-admissible measure Φ˜λ : PH(Y,A) → M(A) out of a sequene of dis-
tributions Φr : P
1(Y,A) → M(A) dened on loal monomials yrp of eah degree r by the
rule ∫
Y
χyrp dΦ˜
λ = πλ(E˜(−r, χ)), where E˜(−r, χ) ∈M = M(A).
Here E˜(−r, χ) takes values in an A-module
M = M(A) ⊂ A[[q1, q2, q3]][R1, R2, R3]
of nearly holomorphi (overonvergent) triple modular forms over A (for 0 ≤ r ≤ H − 1,
H = [2ordpλp] + 1), and the formal series E˜(−r, χ) was onstruted in the proof of 1) of Main
Theorem.
Denition of the anonial projetion πλ
Here A is an Cp-algebra, and λ ∈ A× is a xed non-zero eigenvalue of triple Atkin's operator
UT = UT,p, ating on M(A),
πλ : M(A)→M(A)λ
is the anonial projetion operator onto the maximal A-submodule M(A)λ over whih the
operator UT − λI is nilpotent (we all M(A)λ the λ-harateristi submodule of M(A)).
The projetor πλ is dened by its kernel: Kerπλ :=
⋂
n≥1 Im(UT−λI)n, Imπλ :=
⋃
n≥1 Ker(UT−
λI)n.
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8 Triple modular forms
Triple modular forms are ertain formal series
g =
∞∑
n1,n2,n3=0
a(n1, n2, n3;R1, R2, R3)q
n1
1 q
n2
2 q
n3
3
∈ A[[q1, q2, q3]][R1, R2, R3], where zj = xj + iyj ∈ H, Rj = (4πyj)−1,
with the property that for A = C, the series onverges to a C∞-modular form on H3 of a
given weight (k1, k2, k3) and harater (ψ1, ψ2, ψ3), j = 1, 2, 3.
The oeients a(n1, n2, n3;R1, R2, R3) are polynomials in A[R1, R2, R3], and the triple
Atkin's operator is given by
UT (g) =
∞∑
n1,n2,n3=0
a(pn1, pn2, pn3; pR1, pR2, pR3)q
n1
1 q
n2
2 q
n3
3 .
Eigenfuntions of Up and of U
∗
p .
Funtions fj,0 and f
0
j
Reall that for any primitive usp eigenform fj =
∑∞
n=1 an(f)q
n
, there is an eigenfuntion
fj,0 =
∑∞
n=1 an(fj,0)q
n ∈ Q[[q]] of U = Up with the eigenvalue α = α(1)p,j ∈ Q (U(f0) = αf0)
given by
fj,0 = fj − α(2)p,jfj |Vp = fj − α(2)p,jp−k/2fj|
(
p
0
0
1
)
(8.18)
∞∑
n=1
an(fj,0)n
−s =
∞∑
n=1
p∤n
an(fj)n
−s(1− α(1)p,jp−s)−1.
Moreover, there is an eigenfuntion f 0j of U
∗
p given by
f 0j = f
ρ
j,0
∣∣∣
k
(
0
Np
−1
0
)
, where f ρj,0 =
∞∑
n=1
a(n, f0)q
n. (8.19)
Therefore, UT (f1,0 ⊗ f2,0 ⊗ f3,0) = λ(f1,0 ⊗ f2,0 ⊗ f3,0).
9 Critial values of the L funtion L(f1 ⊗ f2 ⊗ f3, s, χ)
Choie of Dirihlet haraters
For an arbitrary Dirihlet harater χ mod Npv onsider the following Dirihlet haraters:
χ1 mod Np
v = χ, χ2 mod Np
v = ψ2ψ¯3χ, (9.20)
χ3 mod Np
v = ψ1ψ¯3χ,ψ = χ
2ψ1ψ2ψ3;
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later on we impose the ondition that the ondutors of the orresponding primitive haraters
χ0,1, χ0,2, χ0,3 are Np-ompletes (i.e. have the same prime divisors as resp. those of Np).
Theorem A (algebrai properties of the triple produt)
Assume that k2 + k3 − k1 ≥ 2, then for all pairs (χ, r) suh that the orresonding Dirihlet
haraters χj have Np-omplete ondutors, and 0 ≤ r ≤ k2 + k3 − k1 − 2, we have that
Λ(f ρ1 ⊗ f ρ2 ⊗ f ρ3 , k2 + k3 − 2− r, ψ1ψ2χ)
〈f ρ1 ⊗ f ρ2 ⊗ f ρ3 , f ρ1 ⊗ f ρ2 ⊗ f ρ3 〉T
∈ Q
where
〈f ρ1 ⊗ f ρ2 ⊗ f ρ3 , f ρ1 ⊗ f ρ2 ⊗ f ρ3 〉T := 〈f ρ1 , f ρ1 〉N〈f ρ2 , f ρ2 〉N〈f ρ3 , f ρ3 〉N
= 〈f1, f1〉N〈f2, f2〉N〈f3, f3〉N .
10 Theorems B-D
Reall: the p-adi weight spae and the Mellin transform
The p-adi weight spae is the group X = Homcont(Y,C
×
p ) of (ontinuouos) p-adi haraters
of the ommutative pronite group Y = lim
←−
v
(Z/NpvZ)∗
The group X is isomorphi to a nite union of diss U = {z ∈ Cp | |z|p < 1}.
A p-adi L-funtion L(p) : X → Cp is a ertain meromorphi funtion on X . Suh a
funtion usually ome from a p-adi measure µ on Y (bounded or admissible in the sense of
Amie-Vélu, see [Am-V℄). The p-adi Mellin transform of µ is given for all x ∈ X by
L(p)(x) =
∫
YN,p
x(y)dµ(y), L(p) : X → Cp
Theorem B (on admissible measures attahed to the triple produt:xed balaned
weights ase)
Under the assumptions as above there exist a Cp-valued measure µ˜
λ
f1⊗f2⊗f3
on YN,p, and a
Cp-analyti funtion
D(p)(x, f1 ⊗ f2 ⊗ f3) : Xp → Cp, given for all x ∈ XN,p by the integral D(p)(x, f1 ⊗ f2 ⊗ f3) =∫
YN,p
x(y)dµ˜λf1⊗f2⊗f3(y), and having the following properties:
(i) for all pairs (r, χ) suh that χ ∈ XtorsN,p , and all three orresonding Dirihlet haraters χj
have Np-omplete ondutor (j = 1, 2, 3), and r ∈ Z is an integer with 0 ≤ r ≤ k2+k3−k1−2,
the following equality holds:
D(p)(χx
r
p, f1 ⊗ f2 ⊗ f3) = ip
( (ψ1ψ2)(2)C4(k2+k3−2−r)χ
G(χ1)G(χ2)G(χ3)G(ψ1ψ2χ1)λ2vp
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Λ(f ρ1 ⊗ f ρ2 ⊗ f ρ3 , k2 + k3 − 2− r, ψ1ψ2χ)
〈f 01 ⊗ f 02 ⊗ f 03 , f1,0 ⊗ f2,0 ⊗ f3,0〉T,Np
)
where v = ordp(Cχ), G(χ) denotes the Gauÿ sum of a primitive Dirihlet harater χ0 attahed
to χ (modulo the ondutor of χ0),
(ii) if ordpλp = 0 then the holomorphi funtion in (i) is a bounded Cp-analyti funtion;
(iii) in the general ase (but assuming that λp 6= 0) the holomorphi funtion in (i) belongs
to the type o(log(xHp )) withH = [2ordpλp]+1 and it an be represented as the Mellin transform
of the H-admissible Cp-valued measure µ˜
λ
f1⊗f2⊗f3
(in the sense of Amie-Vélu) on Y
(iv) Let k = k2 + k3 − k1 ≥ 2. If H ≤ k − 2 then the funtion D(p) is uniquely determined by
the above onditions (i).
Let us desribe now p-adi measures attahed to Garrett's triple produt of three Cole-
man's families
kj 7→ {fj,kj =
∞∑
n=1
an,j(k)q
n}(j = 1, 2, 3). (10.21)
Consider the produt of three eigenvalues:
λ = λp(k1, k2, k3) = α
(1)
p,1(k1)α
(1)
p,2(k2)α
(1)
p,3(k3)
and assume that the slope of this produt
σ = ordp(λ(k1, k2, k3)) = σ(k1, k2, k3) = σ1 + σ2 + σ3
is onstant and positive for all triplets (k1, k2, k3) in an appropriate p-adi neighbourhood of
the xed triplet of weights (k1, k2, k3).
Let A = A(B) denote an anoid algebra A assoiated with an analyti spae B =
B1 ×B2 ×B3, a neighbourhood around (k1, k2, k3) ∈ X3 (with a given k and ψ mod N).
Theorem C (on p-adi measures for families of triple produts)
Put H = [2ordp(λ)] + 1. There exists a sequene of distributions Φr on Y with values in
M = M(A) giving an H-admissible measure Φ˜λ with values in Mλ ⊂ M with the following
properties:
There exists an A-linear form ℓ = ℓ
f1⊗f2⊗f3,λ : M(A)
λ → A (given by (11.24), suh that
the omposition
µ˜ = µ˜
f1⊗f2⊗f3,λ := ℓf1⊗f2⊗f3,λ(Φ˜
λ)
is an H-admissible measure with values in A, and for all (k1, k2, k3) in the anoid neighbor-
hood B = B1 ×B2 ×B3, as above, satisfying k1 ≤ k2 + k3 − 2
we have that the evaluated integrals
ev(k1,k2,k3)
(
(ℓ
f1⊗f2⊗f3,λ)(Φ˜
λ)(yrpχ)
)
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on the arithmetial hraters yrpχ oinide with the ritial speial values
Λ∗(f1,k1 ⊗ f2,k2 ⊗ f3,k3 , k2 + k3 − 2− r, χ)
for r = 0, · · · , k2 + k3 − k1 − 2, and for all Dirihlet haraters χ mod Npv, v ≥ 1, with all
three orresonding Dirihlet haraters χj given by (6.16), having Np-omplete ondutors.
Here the normalisation of Λ∗ inludes at the same time ertain Gauss sums, Petersson salar
produts, powers of π and of λ(k1, k2, k3), and a ertain nite Euler produt.
The p-adi Mellin transform and four variable p-adi analyti funtions
Any h-admissible measure µ˜ on Y with values in a p-adi Banah algebraA an be araterized
its Mellin transform Lµ˜(x) Lµ˜ : X → A, dened by Lµ˜(x) =
∫
Y
x(y)dµ˜(y), where x ∈
X, Lµ˜(x) ∈ A,
Key property of h-admissible measures µ˜: its Mellin transform Lµ˜ is analyti with values in A.
Let A = A(B) = A1⊗ˆA2⊗ˆA3 = A(B1)⊗ˆA(B2)⊗ˆA(B3) denote again the Banah algebra
A where B is an anoid neighbourhood around (k1, k2, k3) ∈ X3 (with a given integer k and
Dirihlet harater ψ mod N).
Theorem D (on p-adi analyti funtion in four variables)
Put H = [2ordp(λ)] + 1. There exists a p-adi analyti funtion in four variables (x, s) ∈
X ×B1 ×B2 ×B3 ⊂ X ×X ×X ×X:
Lµ˜ : (x, s) 7−→ evs(Lµ˜(x)) (x ∈ X, Lµ˜(x) ∈ A).
with values in Cp, suh that for all (k1, k2, k3) in the anoid neighborhood as above B =
B1 × B2 × B3, satisfying k1 ≤ k2 + k3 − 2, we have that the speial values Lµ˜(x, s) at the
arithmetial hraters x = yrpχ, and s = (k1, k2, k3) ∈ B oinide with the normalized ritial
speial values
L∗(f1,k1 ⊗ f2,k2 ⊗ f3,k3 , k2 + k3 − 2− r, χ) (r = 0, · · · , k2 + k3 − k1 − 2),
for Dirihlet haraters χ mod Npv, v ≥ 1, suh that all three orresonding Dirihlet hara-
ters χj given by (6.16), have Np-omplete ondutors where the same normalisation of L
∗
as
in Theorem C.
Moreover, for any xed s = (k1, k2, k3) ∈ B the funtion
x 7−→ Lµ˜(x, s)
is p-adi analyti of type o(logH(·)).
Indeed, we obtain the funtion in question Lµ(x, s) by evaluation at
s = ((s1, ψ1), (s2, ψ2), (s3, ψ3)) ∈ B :
21
this is a p-adi analyti funtion in four variables (x, s) ∈ X×B1×B2×B3 ⊂ X×X×X×X :
Lµ˜(x, s) := evs(Lµ˜)(x) (x ∈ X, s ∈ B1 ×B2 ×B3, Lµ˜(x) ∈ A).
This is a joint work in progress with S.Boeherer, we use:
1) the higher twists of the Siegel-Eisenstein series, introdued in [Boe-Shm℄,
2) Ibukiyama's dierential operators (see [Ibu℄, [BSY℄).
11 Ideas of the Proof
11.1 Boeherer's higher twist
We dene the higher twist of the series Fχ,r =
∑
T
aχ,r(R,T)q
T
by some Dirihlet haraters
χ¯1, χ¯2, χ¯3 as the following formal nearly holomorphi Fourier expansion:
Fχ,r =
∑
T
χ¯1(t12)χ¯2(t13)χ¯3(t23)aχ,r(R,T)q
T. (11.22)
The seies (11.22) is a Siegel modular form of some higher level, but it has additional symme-
tries with respet to sympleti embedding ι3 : Γ0(Np
2v)× Γ0(Np2v)× Γ0(Np2v)→ Sp3: its
triple Nebentypus harater does not depend on χ mod Npv, and is equal to (ψ1, ψ2, ψ3), if
we hoose Dirihlet haraters as in (6.16):
χ1 mod Np
v = χ, χ2 mod Np
v = ψ2ψ¯3χ,
χ3 mod Np
v = ψ1ψ¯3χ,ψ = χ
2ψ1ψ2ψ3.
We use the Siegel-Eisenstein series Fχ,r whih depends on the harater χ, but its preise
nebentypus harater is ψ = χ2ψ1ψ2ψ3, and it is dened by Fχ,r = G
⋆(z,−r; k, (Npv)2,ψ),
where z denotes a variable in the Siegel upper half spae H3, and the normalized series
G⋆(z, s; k, (Npv)2,ψ) is given by (5.11).
This series depends on s = −r, and for the ritial values at integral points s ∈ Z suh
that 2 − k ≤ s ≤ 0, it represents a (nearly) holomorphi Siegel modular form in the sense of
Shimura [ShiAr℄:
Fχ,r =
∑
T
det(T)k−2r−κQ(R,T; k − 2r, r)aχ,r(T)qT.
11.2 Ibukiyama's dierential operator
We use an algebrai version of Ibukiyama's dierential operator, whih generalizes the algebrai
pull-bak: it transforms a nearly holomorphi Siegel modular form of weight k to a nearly
holomorphi triple modular form of weight (k1, k2, k3) (k = k2 + k3 − k1).
On a holomorphi Siegel modular form F =
∑
T
a(T)qT, this operator has the form
L
λ,ν
k (F ) =
∑
T
P(k1, k2, k3, 0,T)a(T)q
t11
1 q
t22
2 q
t33
3 , (11.23)
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where λ = k1−k3 ≥ µ = k1−k2 ≥ 0, and P(k1, k2, k3; r;T) is ertain Ibukiyama's polynomial,
equal to (t11t22t33)
λ(t12t13t23)
µ
, if r = 0.
As a result we obtain a sequene of triple modular distributions Φr(χ) with values in the
tensor produt MT (A) = M(A)⊗̂AM(A)⊗̂AM(A) of three Banah A-modules of arithmeti-
al nearly holomorphi modular forms (the normalizing fator 2r is neeeded in order to prove
ertain ongruenes between Φr). Note that MT (A) is again a Banah A-module on whih UT
ats as a ompletely ontinuous operator.
The important property of the triple modular forms Φr(χ): the nebentypus harater is xed
and is equal to (ψ1, ψ2, ψ3) (for all (k1, k2, k3) and χ in question).
Using this property we ompute the anonial projetion πλ(Φr(χ)) of the triple modular
form Φr(χ) onto the λ-harateristi A-submoduleMT
λ(A) of the triple Atkin's operator UT,p:
πλ : MT (A)→MλT (A).
We prove that the resulting sequene of modular distributions πλ(Φr) on the pronite group
Y produes a ertain p-adi admissible measure Φ˜λ (in the sense of Amie-Vélu, [Am-V℄) with
values in a ertain loally free A-submodule of nite rank
M
λ
T (A) ⊂MT (A) ⊂
⋃
v≥0
MT (Np
v, ψ1, ψ2, ψ3;A)
of formal nearly holomorphi triple modular forms of all levels Npv and the xed nebentypus
haraters (ψ1, ψ2, ψ3). We use ongruenes between triple modular forms Φr(χ) ∈ MT (A)
(they have expliit formal Fourier oeients).
Then we use a general admissibility riterion saying that these ongruenes imply H-
admissibility for their projetions in MλT (A), where H = [2ordp(λ)] + 1.
11.3 Algebrai linear form
3) From MλT (A) to A: we use a Q-valued linear forms of type
L : h 7−→ 〈f
0
1 ⊗ f 02 ⊗ f 03 , h〉
〈f 01 , f1,0〉〈f 02 , f2,0〉〈f 03 , f3,0〉
where f 0j is the eigenfuntion (8.18) of the onjugate Atkin's operator U
∗
p , and fj,0 is the
eigenfuntion (8.19) of Up. The linear form L is dened on the nite dimensional Q-vetor
harateristi subspae
h ∈M
k
(Q)λ(k) ⊂
Mk1,r∗(Np, ψ1;Q)⊗Mk2,r∗(Np, ψ2;Q)⊗Mk3,r∗(Np, ψ3;Q).
This map is then extended to an A-linear map
ℓ = ℓ
f1⊗f2⊗f3,λ : M(A)
λ → A; (11.24)
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on the loally free A-module of nite rank M(A)λ.
This map produes a sequene of A-valued distributions µλr (χ) ∈ A in suh a way that for
all suitable weights k ∈ B one has
ev
k
(µλr (χ)) = L(evk(πλ(Φr)(χ))), λ ∈ A×, λ(k) ∈ Q
×
,
where k = (k1, k2, k3) ∈ B, evk : B→ Cp denotes the evaluation map with the property
ev
k
: M(A)→ M
k
(Cp).
More preisely, we onsider three auxilliary families of modular forms
f˜j,kj(z) = (11.25)
∞∑
n=1
a˜n,j,kje(nz) ∈ Skj(Γ0(Njpνj), ψj), (1 ≤ j ≤ 3, νj ≥ 1),
with the same eigenvalues as those of (10.21), for all Heke operators Tq, with q prime to Np.
In our onstrution we use as f˜j,kj ertain easy transforms of primitive usp forms in (1.1).
In partiular, we hoose as f˜j ertain eigenfuntions f˜j,kj = f
0
j,kj
of the adjoint Atkin's
operator U∗p , in this ase we denote by fj,kj,0 the orresponding eigenfuntions of Up.
The Q-linear form L produes a Cp-valued admissible measure µ˜
λ = ℓ(Φ˜λ) starting from
the modular p-adi admissible measure Φ˜λ of stage 3), where ℓ : MT (Cp) → Cp denotes a
Cp-linear form, interpolating L.
11.4 Evaluation of p-adi integrals
L-values and p-adi integrals
4) We show that for any appropriate Dirihlet harater χ mod Npv the integral
µλr (χ) = L(πλ(Φr(χ))) ∈ A
evaluated at (k1, k2, k3) ∈ B = B1 × B2 × B3, oinides (up to a normalisation) with the
speial L-value
L∗(f ρ1,k1 ⊗ f ρ2,k2 ⊗ f ρ3,k3, k2 + k3 − 2− r, ψ1ψ2χ)
under the above assumptions on χ and r).
A general integral representation of Garrett's type
The basi idea how a Dirihlet harater χ is inorporated in the integral representation
[Ga87, BoeSP℄ is somewhat similar to the one used in [Boe-Shm℄, but (surprisingly) more
ompliated to arry out.
Note however that the existene of a A-valued admissible measure µ˜λ = ℓ(Φ˜λ) established at
stage 4), does not depend on this tehnial omputation.
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In order to ontrol the denominators of the modular forms
πλ(E˜(−r, χ)) ∈Mλ(A) =: Φr(χ),
used in the onstrution (the admissibility ondition) we use the following result.
12 Criterion of admissibility
Theorem 12.1 (Criterion of admissibility ) Let α ∈ A∗, 0 < |α|p < 1 and suppose
that there exists a positive integer κ suh that the following onditions are satised:
1) for all r = 0, 1, · · ·, h− 1 with h = [κordpα] + 1, and v ≥ 1,
Φr(a + (Np
v)) ∈M(Npκv) (the level ondition) (12.26)
2) the following ongruene for the oeients holds: for all t = 0, 1, · · ·, h− 1
Uκv
t∑
r=0
(
t
r
)
(−ap)t−rΦr(a+ (Npv)) ≡ 0 mod pvt (12.27)
(the divisibility ondition)
Then the linear form given by Φ˜α(δa+(Npv)y
r
p) := πα(Φr(a + (Np
v)) on loal monomials
(for all r = 0, 1, · · ·, h− 1), is an h-admissible measure: Φ˜α : Ph(Y,Q)→Mα ⊂M
Proof uses the ommutative diagram:
M(Npv+1, ψ;A)
πα,v−→ Mα(Npv+1, ψ;A)
Uv
y y≀ Uv
M(Np, ψ;A) −→
πα,0
M
α(Np, ψ;A) = Mα(Npv+1, ψ;A).
The existene of the projetors πα,v omes from Coleman's Theorem A.4.3 [CoPB℄.
On the right: U ats on the loally free A-module Mα(Npv+1,A) via the matrix:
α · · · · · · ∗
0 α · · · ∗
0 0
.
.
. · · ·
0 0 · · · α
 where α ∈ A×
=⇒ Uv is an isomorphism over A,
and one ontrols the denominators of the modular forms of all levels v by the relation:
πα,v(h) = U
−vπα,0(U
vh) =: πα(h) (12.28)
The equality (12.28) an be used as the denition of πα at any level Np
v
.
The growth ondition (see (7.17)) for πα(Φr) is dedued from the ongruenes (12.27)
between modular forms, using the relation (12.28).
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